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Solution of the word problem for semigroups
without cycles
A.Malkhasyan
This article gives a solution to the problem of word equality in the so-
called semigroups without cycles. In 1966, S.I.Adian published a monograph
in Proceedings of Steklov Mathematical Institute of RAS [1], in which he
proved that the word problem is solvable in semigroups with one defining re-
lation in which the reduction rule is satisfied. Wherein, S.I. Adian introduced
the concept of a semigroup without cycles for which the theorem on it’s em-
beddability in a group with the same relations is proved. Since a semigroup
with one relation, with the reduction rule, and there is a semigroup without
cycles, this allows you to use the Magnus algorithm, solving the problem of
word equality for groups with one defining relation (see [2], [3]). For further
discussion, it will be appropriate to recall some first concepts and facts from
[1], [2].
Let the semigroup P be given by the generators a1, a2, . . . , aq and defin-
ing relations Pi = Qi, i = 1, 2, . . . , l. The left graph of the semigroup P
is constructed as follows: to each generator a, which is the beginning any
defining word is uniquely associated with on the plane, which we will call
the vertex a. Two vertex are joined by an edge, if and only if they turn out
to be beginnings of any defining relation of the semigroup P . Similarly is
constructed the right graph of the semigroup. We call a semigroup is without
cycles if both left and right its graphs do not contain cycles. In [1], where the
above Adian theorem about nested of the semigroup P in a group with the
same defining relations, in other words, it was proved that the word aX(Xa)
is equal to the word aY (Y a) in the semigroup P , if and only if the word X
is equal to the word Y , were constructed some unique representations of the
words of the semigroup P .
We briefly outline the essence of these constructions, in view of the fre-
quent use in presentation of the results of this paper. Let U be the word
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of the semigroup, the first letter of which is and it is required to find out
whether it is equal to the word V , whose first letter is b or not?
It is clear that equality is possible only if in the left column of the semi-
group P there is path, starting from the vertex a and ending with at the
vertex b. In [1] it is shown that a pair of letters a, b defines a certain the
unique representation of the word U , which we will call it pre- fixed view.
Since the graph of the semigroup P has no cycles, it can contain there
is only one path connecting vertex a with vertex b. Let a, ai1 ,. . . , ait , b are
successive vertices of this path, and therefore there is only one defining word
of the form Pi, whose first letter is a, and the first letter of the defining word
Qi is ai1 .
By α1 we denote the longest common beginning of the words U and Pi.
Then U ≖ α1U1, Pi ≖ α1P
′
i and if the word α1 turns out to be a defining word
Pi, then the construction of the representation of the word U is completed
and we will call it prefix representation, and the word Pi itself is the prefix
head of this representation. Otherwise, consider the word U1 for which it is
already known, that her first letter al should be converted to the first letter
c of the word Pi. We continue this process for the word U1 and a pair of
letters a1 and c, we obtain U ≖ α1α2U2, and so on U ≖ α1 . . . αkUk, (k¿0)
The prefix representation of the word U is considered constructed if either
αk is the prefix head, or if the first letter aik the word Uk not is the first letter
of any part of a suitable determinant relations of the form P = Q. This will
mean that in the graph of the semigroup there is no a suitable path from
peak a to peak b. But that means that the word U is not equal to the word
V . It is also possible that the word U will be represented like a sequence
of prefixes without a head. Similarly, the suffix representation of the word
U is determined if look at the last letters c and d of the words U and V ,
respectively. Then the word U will have the form U ≖ Umβm . . . β1 where
eitherβm is the suffix catching the word U , or in the representation of this
word, the suffix head is from absent.
The words αi (βi) themselves will be called prefixes (suffixes) representing
lazy words U . Thus, an arbitrary word U can be represented as relative to
the pair of letters (b, d) of the first and last letters of the words U and V ,
respectively. Actually, both in prefix and in suffix forms. In details the
uniqueness of these representations can be read in [1], [2]. A transformation
of a word U into a word V is said to be prefix if in word U , written in its prefix
representation, the head Pj replacing takes place on a Qj , in other words,
an elementary transformation is performed on semigroup P , and then the
2
resulting word Y is again written by its prefixed view. The suffix conversion
is defined similarly the representation of the word U . Obviously, if the words
U and V are equal in semigroup, then there is a sequence of prefix (suffix)
transformations translating the word U into the word V . Clear that either
in the process transformations in the end the letter a translates to the letter
b, or after the validity will be interrupted due to the absence of a head in
any of the words Uj and finally, the sequence can be infinite.
We have to study some infinite sequences of prefixed (suffix) transforma-
tions possessing some special properties. Let be
U ≖ U1 → U2 → . . .→ Un → . . . (1)
-infinite sequence of prefix conversions.
Definition 1. A pair of subwords K and L, words Un ≖ KQL, sequences of
the form (1), which in further pre-entities Un → . . . do not participate, we
will call the shell of the word Un and the subword Q of it the core.
From the infinity of the given sequence and in view of the fact that di-
viding relations semigroups do not contain cycles, for any term Un sequence
(1), having the form KQL, there is a number m, (m > n) such that in an
infinite subsequence Um → . . . the letter follows following the word K and
the letter preceding the word L indicated by the conversion knowledge are
not affected. In other words, the members of the sequence (1) will be with
expanding shells, while it is obvious that the shells will be words consisting
of prefixes (left side of K) and suffixes (right side of L).
Definition 2. We say that the word U is consistent with by the sequence (1)
is transformed into the word V if U and V are the terms (1), and U ≖ KQL,
V ≖ K1Q1L1 with the corresponding shells K,L and K1, L1 and all the letters
of the word Q are affected by these transformations.
Let Us be the word from (1) with the prefix representation α1 . . . αkRMT
with head R, and with a suffix representation of KFPβm . . . β1 with a shell
K, T . We say that the head R extends to the right, if subsequently (1)
there is a word Un (n¿ s), whose prefix representation has the form Un ≖
γ1γ2 . . . γtQM with head Q, and M the subword of the word shell Un. In
the same way, we define the left extension of the suffix head of the word
Um, the corresponding sequence of suffix transformations. Further, we will
consider such sequences suffix (prefix) transformations in which the head of
any word of these sequences continued in both directions.
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Lemma 1. If (1) the sequence of prefix (suffix) preformation’s continues
to the right (left), then any word Un of this sequence has the form Un ≖
Kalpha1 . . . αnAXBβ1 . . . βmL, where A is prefixes, B suffixes heads of the
word Un, or Un ≖ Kα1 . . . αnAβ1 . . . βmL, where A prefix and suffix head at
the same time, (K and L are shell of word Un.
Proof. We show that other relative positions of prefix and suffix heads in the
words Un are impossible. 1. The word Un ≖ Kα1 . . . αtR1R2R3β
′′
i . . . βmL
where R1R2R3 is prefix and R2 is the suffix heads of the word Un. is R3 ≖
R′3β
′
i, βi ≖ β
′
iβ
′′
i Since the prefix the trail continues to the right, the word
α1 . . . αtR1R2R3 must transformed into a word of the form Wβ
′
i, where β
′
i
does not participate in the transformations by the Adian’s theorem. If β ′i is
empty, then from the duration of the prefix head R1R2R3 it turns out to the
right that it is also a suffix head. And generally speaking, if the prefix head is
next to the suffix of the convertible words, as in the above arrangement, then
it becomes a suffix head. Similarly, if the suffix head is next to a prefix, it is
also a prefix head. 2.Un ≖ Kα1 . . . αtR1R2R3β1 . . . βmL, where R1R2 prefix,
R2R3 – suffix the head of the word Un R2 is not empty. Since the suffix head
continues to the left, the word R2R3β1 . . . βmL must transformed into the
word R2T , but then by Adian’s theorem, the word R3β1 . . . βmL should be
transformed into the word L, which is impossible due to the lack of it suffix
head. Let (1) be an infinite sequence of prefix (suffix) transformations, with
the initial word U , with a pair of letters (a, b), where a is the first the letter
of the word U, the b-prefix limit of this sequence. (Similar but, some pair (c,
d) defines a suffix sequence preformations with the beginning of U .) Every
two members of this sequence Us and Ut, being equal in the semigroup are
transferred one into another as prefix and suffix conversions. Since the after
the transformations are infinite, and the defining relations meadow groups P
do not contain cycles, as we have already noticed the first (and last) letters
of the members of the sequence (1), starting from a certain number will not
participate in further transformations.
We will use the record of the sequence members in the forms indicated in
Lemma (1). Further, the subword AXBβ1 . . . AXBβmL fusion of the word
Un and the subword Kα1 . . . αnAXB its beginning.
Lemma 2. The sequence of prefix transformations is consistent transformed
the word U into the word V , if and only if, when there is a sequence suffix
mappings that also transformed consistently word U to word V .
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We carry out the proof by induction on the number of given prefix trans-
formations n. If n = 1, then the prefix head in U coincides with the suffix
fixed head. If n > 1 and U ≖ U1 → U2 → . . .→ Un ≖ V , U1 ≖ KQL, where
K and L , then consider the first transformation affecting the last letter of
the word Q. Let it be the transformation Uk → Uk+1, k < n, k < n, it is
obvious that it is both suffix and well, by the inductive hypothesis there are
suffix conversions that transformed the word U to Uk , and Uk+1 to the word
V .
Lemma 3. If the wordsUp and Uq have the forms Up ≖ Kα1 . . . αtRXSβm . . . β1L
Uq ≖ K
′γ1 . . . γlRXSβm . . . β1L
′ where K,L is the shell, and R and S are the
prefix and suffix word heads Up and Uq respectively, with a fixed suffix repre-
sentation, then the words that will be obtained after a single use of the suffix
transformations to these words will have, respectively, the same ends with the
same suffix.
Proof. The statement is obvious if R does not coincide with S, since the
transformation this occurs to the right of the word R in graphically equal
words X S βm . . . β1L with the same views. Let be Vp ≖ Kα1 . . . αt R
βm . . . β1L Vq ≖ K
′γ1 . . . γl R βm . . . β1L
′ For any suffix transformation spec-
ified by the transition of R to Q in words Vp+1 ≖ Kα1 . . . αt Q βm . . . β1L
and
Vq+! ≖ K
′γ1 . . . γl Q βm . . . β1L
′ and the prefix and suffix heads are re-
quired to affect the word Q, in what would it mean that in the wordsUp and
Uqthe word R could not be prefix head. Since the suffix representations of
the word Q βm . . . β1 in these words. Wax are the same, their suffix heads
are the same. Consider various possible locations of prefix and suffix heads
in words V1 and V2 Their submissions will have any of the following species:
1. If
V1 ≖ Kα1 . . . αt−1AXSβm−1 . . . β1L,
V1 ≖ K
′γ1 . . . γl−1BX
′Sβm−1 . . . β1L
′,
A ≖ αtD, B ≖ γtD
′, Q ≖ DXS1 ≖ D
′X ′S1 S ≖ S1βm, We will continue
press the suffix transformations of the words V1 and V2, and they will continue
is infinite due to the infinite sequence (1), and because of the lemma are (2).
Since these transformations are continued to the left, and since they are one
are significant, there is a certain number k such that Vp+k and Vq+k will have
views of species
Vp+k ≖ Kα1 . . . αt−1αtDXSβm−1 . . . β1L
Vq+k ≖ K
′γ1 . . . γl−1γlDXSβm−1 . . . β1L.
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Since αtD is the suffix head of the word Vp+k, γlD must be suffix head of
the word Vq+k otherwise the prefix head of words Up, Up would be to the left
of R, or in the word Vq+k there would be no head and transformation would
be finished. But this means that γl coincides with the word αt, in view of
the fact that the semigroup does not contain cycles. 2. If the prefix head A
is a subword of Q, then the lemma on, since both in Vp+1 and Vq+1, Q has
the same representation. The lemma is proved.
Consider again the sequence of prefix transformations (1) . It is clear that
there is an infinite subsequence of words in it Up1 , Up2, Up3, Up4, . . . , such that
the words
Up2k+1 ≖ Kp2k+1αqACp2k+1βm . . . β1Lp2k+1, (2)
Up2k ≖ Kp2kα1 . . . αtDp2kBβsLp2k (3)
A and B, respectively, prefix heads of words (2) and (3), such that as
a result of applying elementary transformations of a semigroup of the form
A → D1D2, or B → H1H2, the subwords D1 and H2 join the shell words Up,
that is, Up2k+1 either will have the form
Kp2kα1 . . . αtD1D2βs . . . β1Lp2k with a shell Kp2kα1 . . . αtD1, Lp2k , or the
form Kp2kα1 . . . αtH1H2βs . . . β1Lp2k with shell Kp2k , H2βs . . . β1Lp2k . Such a
subsequence exists, since the beginning and end of any word may be affected
only a finite number of times, and in an infinite sequence of sequence (1),
there is certainly a subsequence with the indicated properties.
Definition 3. . Words Up2k and Up2k+1 will be called, respectively, right and
left passes of the sequence given by a pair ((A, B)) representations of the
words A, B if they have, respectively the form (2), (3).
Let Up1 , Up2, Up3, Up4 , . . . be the subsequence of passes presented (1) given
by a pair of words (A, B), with fixed representations lazy for the entire
subsequence. Further, subsequences (1) transforming, respectively, the word
Up2k to the word Up2k+2 and the word Up2k+2 into the word Up2k+4 we replace
with subsequences of suffix transformations conditions consistent with (1),
which we call the transformation of generations data (1).
Lemma 4. For any t and for any k1k2 the words Up2k1+m and Up2k2+m from
sequences Up2k → . . . → Up2k+2 → . . . → suffix transformations. The genera-
tions generated by the sequence (1) have identical ends.
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Proof. The proof is by induction on m. Let the word Up2k have the form (3),
the words Up2k+2 and Up2k+4 , respectively but equal
Up2k+2 ≖ Kp2k+2αi1 . . . αitBβs . . . βl1Lp2k+2,
Up2k+4 ≖ Kp2k+4αj1 . . . αjtBβs . . . βl1Lp2k+4 ,
and in the sequence outgoing conversions
Up2k → Up2k+1,
Up2k+2 → Up2k+1+1,
Up2k+4 → Up2k+4+1.
Each of them consists in replacing the subword B, which has the same
prefix and suffixes in all three words B per wordH1 H2, these transformations
lead to species words
Up2k+1 ≖ Kp2kα1 . . . αtH1H2βm . . . β1Lp2k
Up2k+2+1 ≖ Kp2k+2αi1 . . . αitH1H2βs . . . βl1Lp2k+2
whose sub words
Kp2k , H2βm . . . β1Lp2k ,
Kp2k+2,
H2βs . . . βl1Lp2k+2 belong, respectively, to the shells of the words Up2k+1
and Up2k+2+1 Before we show that the representations of the words Up2k+1
and Up2k+2+1 will have the same endings, that is, subwords of these words
starting with prefix heads and ending in front of the shell match. Really,
the prefix and suffix heads of these words necessarily affect the word H1 and
since the suffix representations of the word H1 in the words Up2k+1, Up2k+2+1
coincide, the following cases are possible:
1. H1 ≖ H
′PDQH ′′, that is, both the prefix and suffix heads of some
either of the words Up2k+1 or Up2k+2+1 are inside the word H1. Withhout
loss generality, we can assume that Up2k+1 ≖ Kp2kα1 . . . αtH
′PDQH2L and
P is its prefix head, found last in the word Up2k+2+1 not to the right of its
prefix head. Since the suffix head Q continues to the left, in succession of
the suffix transformations generated by (1) and starting with words Up2k+1,
there is a word Up2k+l, such that Up2k+t ≖ Kp2kα1 . . . αtH
′PL′, where P is
the prefix and suffix head at the same time. But then the word Up2k+2+t will
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have exactly the same suffix representation as Up2k+t and how easy it is to
see their ends have the same view.
2. Again, without loss of generality, assume Up2k+1 ≖ Kp2kα1 . . . αtH
′DQH2L
this time, αtH
′ is its prefix head. Again because suffix the head Q extends
to the left, there is a word Up2k+1 for which both heads are equal toαtH
′.
This means that H is the leftmost suffix the words H ′DQH2L, whence, from
the uniqueness of the suffix representations, it follows that it will be the
left-most suffix of the word Up2k+2+t. Head due to the absence of semigroup
cycles again will be αtH
′. The lemma is proved.
Lemma 5. If Up1 , Up2, Up3, Up4, . . . , a subsequence of passes sequences of
prefix transformations (1) , then the lengths of the kernels of words Up2k
subsequences of transformations in Up2k+2 do not exceed the length. Well,
the words Up2.
Proof. Let be
Upl ≖ K0αK1AB1L1βL0, (4)
Up2k ≖ K0αK1αK2A1BL2βL1βL0, (5)
Up2k+1 ≖ K0αK1αK2αK3AB2L3βL2βL1βL0, (6)
Up2k+2 ≖ K0αK1αK2αK3αK4A2BL4βL3βL2βL1βL0, (7)
k=1,2,. . . .
All Ki and Li, α, β are the shells of the corresponding transformation
words(1). And let A and B, the corresponding prefix heads represent words
Upi define the transformation
Upi → Upi+1
using the replacement A on αγ or B on δβ, where A = αγ, B = δβ which
determine the relations meadow groups, and α and β join the shells of the
corresponding words transformations (1) . First, we show that the lengths
of the kernels of words Up2k and Up2k+2 sequentially suffix transformations
transformed the words Up0 in Up2 and Up2k in Up2k+2 , (k=0,1,. . . ) do not
exceed the word length Up2 . By lemma (4), the words Up2k+1 and Up2k+3 have
the same ends, and the transforms Up2k+1 in Up2k+2 and Up2k+3 in Up2k+4 occur
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at graphically equal ends with the same representations. Since the above
suffix conversions can be replaced prefix transformations ((2)), it is easy to
see that in the sequence (1), there is a subsequence of passes with kernels of
length which are limited. But then from this subsequence can be extracted
subsequence
Uq1, Uq2 . . . ,
in which the core of each passage of the word Uqi in Uqi+1 is the same for the
whole subsequence.
Now we prove that there is an algorithm that in any words U and V
recognizes whether the word U is divided by V or not. The algorithm is in
constructing a sequence of prefix transformations of the word U by ordered
pairu, v of the initial letters of the words U and V . In the process of certain
transformations, it is possible that we get the word Ui with the initial no
buoy V , i.e. Ui ≖ U
′U ′′, V ≖ U ′V ′, where U is the maximum total the
beginning of the words U and V . Further, the same process of constructing
prefix prefixes begin with the words U , and V with a length shorter than
V . Process constructing a sequence of prefix transformations can if all the
letters of the word V are common beginnings corresponding to members
of the constructed sequences of prefix transform. This will mean that the
word U is divisible by V . Process will end but with a negative result, if
during the operation of the algorithm. Member of the sequence will not
have a prefix representation heads. There remains one more case where the
sequence is infinite, but precisely this case was considered in Lemma (5)
subsequent members the Uq1,Uq1 ,. . . , obtained in this lemma have the form
Uqi ≖ KECFL, and in each passage Uqi to Uqi+1, the subword C goes in the
subword ECF . Henc, we proof the following
THEOREM. In an arbitrary semigroup without cycles, the problem of
divisibility and, therefore, the problem of equality of words is solvable.
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